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Abstract
In this paper, the weak semicrossed products of finite dimensional W*-algebras by ZC are
identified with algebras of matrices of functions of H1.T / and then they are classified up to
algebraic isomorphism. In the second part of the paper, the weak operator density of matrices
of polynomials in the unit ball of our main algebra is shown. Moreover, a generalisation of a
result due to D. Sarason [Trans. Amer. Math. Soc. 127 (1967) 179–203] about the closure of
H1.T /C C.T / in L1.T / is obtained. © 2000 Published by Elsevier Science Inc. All rights
reserved.
AMS classification: 46H; 46L; 47D
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1. Introduction
A dynamical system in the theory of operator algebras is a triple .G;A; γ /, where
G is a locally compact group, A is a C*-algebra or a W*-algebra and γ is a con-
tinuous homomorphism from G to the group of automorphisms of A. In the study
of a dynamical system, we associate to it a self-adjoint operator algebra called the
crossed product [10]. It is known that some non-isomorphic dynamical systems give
rise to isomorphic crossed products. In other words descending to the crossed product
one loses some information about the dynamical system (see [3]). A different type of
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crossed product has been considered which gives a non-self-adjoint operator algebra.
It is called the semicrossed product and, vaguely speaking, it is “the crossing by
a subsemigroup C” of G (see [9,11]). It has been noticed that the structure of the
dynamical system is better inherited by this construction. In this paper we will deal
with discrete dynamical systems.
In [11], Peters defined an algebra of matrices of special analytic functions de-
noted by Bk and he and DeAlba used it in [3] as the main building block algebra
in the identification of the semicrossed products of finite dimensional C*-algebras
by ZC with more tractable algebras. The authors went on to classify these algebras
up to Banach algebra isomorphism. IfA is a C*-algebra and  is an automorphism
of A, we let K.ZC;A; / be the normed algebra of sequences of elements of A
with finitely many non-zero entries ( intervenes in the multiplication). The uni-
form semicrossed product is the completion of this algebra with respect to the norm
kFk D sup kp.F /k, where p runs through all non-degenerate contractive represen-
tations of K.ZC;A; /. In this paper we consider another construction, the weak
semicrossed product. Starting with a W*-algebraM on a Hilbert spaceH, the weak
semicrossed product is the weak operator closure of the image of the representation
of K.ZC;M; / inL.l2.ZC;H//. In [1], an algebra denoted byWk is introduced
and studied. We use it here for the identification of the weak semicrossed product
of finite dimensional W*-algebras with simpler algebras. For the classification we
use a different method than DeAlba and Peters’ [3] (the minimal central idempotents
instead of the strong structure space) which works for both cases (the uniform and the
weak) and allows a slightly more general classification (algebraic instead of Banach
algebraic).
For k D 1 the algebraWk is just H1. Therefore the weak semicrossed product
can be looked at as a non-commutative version of H1: As one expects some facts
about H1 carry over to this general setting, we prove here that the uniform clo-
sedness of H1 C C.T / in L1 extends to the Wk-setting. The importance of the
algebraH1 C C.T / is clear from the fact that it is the smallest subalgebra between
H1 and L1 (see [4, p. 149]), and moreover, it is relevant in the theory of Toeplitz
operators (see [4, pp. 167–170]).
2. The algebraWk
Recall that H1.T / is the algebra of bounded analytic functions on the open unit
disc or equivalently the algebra of functions of L1.T /, where the Fourier coeffi-
cients with negative indices are 0. We defineWk for k > 1, to be the algebra of all
k  k-matrices .fij /k−1i;jD0 of functions of H1.T / with Fourier expansions for any
entry fij as follows:
fij 
1X
nD0
a
.i;j/
n z
l.i;j/Cnk; i; j 2 f0; : : : ; k − 1g;
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where
l.i; j/ D

i − j if i > j;
i − j C k if i < j;
equivalently,
l.i; j/ 2 f0; : : : ; k − 1g and l.i; j/  i − j .mod k/:
This algebra is an H1-version of the algebraBk introduced by Peters in [11]. It
has been studied also by the present author in [1]. We can look atWk as a subalgebra
of Mk.L1.T // or L1.T ;Mk/:
Notation. Let us denote by eij ⊗ f the matrix with f in the .i; j/-entry and 0
elsewhere. Thus the elements of Wk can be written as
Pk−1
i;jD0 eij ⊗ fij as well as
.fij /
k−1
i;jD0. We also define
H1k;r D
8<:f 2 H1.T / V f  X
n>0
anz
rCkn
9=; ; 0 6 r 6 k − 1:
Thus it follows that
Wk D
k−1X
i;jD0
eij ⊗H1k;l.i;j/:
If, moreover, we let H1k D H1k;0, we will have
Wk D
k−1X
i;jD0
eij ⊗ zl.i;j/H1k :
We also set
Pk;j D
(
f D
mX
nD0
anz
jCkn V m 2 N; an 2 C
)
;
Qk D
n
.fij /
k−1
ijD0 2Wk V fij polynomial 8i; j
o
D
k−1X
i;jD0
eij ⊗Pk;l.i;j/:
We will denote by wot.H/ the weak operator topology on the algebra of bounded
linear operators on a Hilbert spaceH:
From here on, we will drop the T from the H1.T /; H 2.T /; : : : ;
It is known that H1 can be seen as an operator algebra by multiplication on H 2;
and that it is wot.H 2/-closed. We can hence view Wk as an operator algebra over
kH 2 (kE means the direct sum of k copies of E for any vector space E) and that
it is wot.kH 2/-closed. Actually, Wk can be seen acting on a much smaller spaceLk−1
0 H
2
k;r D
Lk−1
0 z
rH 2k , where
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H 2k;rD
8<:f 2 H 2.T / V f  X
n>0
anz
rCkn
9=; ; 0 6 r 6 k − 1 and H 2k D H 2k;0:
Notice that using the fact that the sequence of Cesaro means of a function 
in L1 converges to  in the weak-*-topology [7] and that the weak-*-topology and
the weak-operator topology wot.L2/ coincide onL1, we can show thatPk;j is dense
in H1k;j in wot.H 2/ since the Cesaro means are polynomials. Hence the subalgebra
Qk is dense inWk in the weak operator topology on kH 2 or even on
Lk−1
0 H
2
k;r .
2.1. The ideal theory ofWk
First of all, it is useful to writeWk as
Wk D
0BBB@
H1k zk−1H1k    zH1k
zH1k H1k    z2H1k
:::
:::
.
.
.
:::
zk−1H1k zk−2H1k    H1k
1CCCA :
Notice that H1k is isometrically isomorphic to H1, and hence their maximal
ideal space has the same structure. The structure of the maximal ideal space of H1
is given in [7]. Similar to the case of Bk , we can show (see [3] or [1] for matricial
proofs) that the maximal ideals ofWk are of the following forms:
1. J i00 D ei0 i0 ⊗N0 C
Pk−1
i;jD0
.i;j/ =D.i0 i0/
eij ⊗ zl.i;j/H1k ; 0 6 i0 6 k − 1;
2. J D Pk−1i;jD0 ei j ⊗ zl.i;j/N;  2 D;
3. J D Pk−1i;jD0 ei j ⊗ zl.i;j/N;
where
N D

f 2 H1k .D/ V f ./ D 0
}
;  2 D;
and whereN D Ker’ and ’ is an element of the fiberM ( 2 T ) of the maximal
ideal space of H1k . In other words, ’ is a multiplicative linear functional of H1k
whose value at the function z is a point  of the unit circle T (see [7, pp. 160–162]).
It is easy to see that the above maximal ideals ofWk have codimensions 1; k2 and
k2, respectively. ThereforeWk cannot be isomorphic toMk ⊗H1k ; and for different
k’s theWk’s are non-isomorphic.
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3. The weak semicrossed product
We define first the W*-crossed product by the discrete group Z: The general con-
struction can be found in [8]. Let M be W*-algebra on a Hilbert space H and let
 be an automorphism ofM. The W*-crossed product ofM by Z with respect to 
and denoted by Z
wM is the W*-algebra on l2 ⊗H and generated by the bilateral
shift U and the operators p.x/ for x inM defined by
p.x/
 X
n2Z
n ⊗ hn
!
D
X
n2Z
n ⊗ −n.x/hn;
where n is the Z-sequence with one at the nth entry and 0 elsewhere.
If we denote byK.Z;M; / the involutive normed algebra whose typical element
is
PnDm
nD−m n ⊗ xn for xn 2M and we equip it with the following multiplication and
involution:
.n ⊗ x/.m ⊗ y/ D nCm ⊗ xn.y/;
.n ⊗ x/ D −n ⊗ −n.x/;
then the W*-crossed product is the weak operator closure of the image ofK.Z;M; /
under the representation U  p on l2 ⊗H defined by
.U  p/
 X
n2Z
n ⊗ xn
!
D
X
n2Z
p.xn/U
n:
Now to define the weak semicrossed product ZC
wM , we consider pC the re-
striction of p to l2.ZC/⊗H (which we denote also by H 2.H/) and the unilateral
shift UC. It should cause no confusion that we drop the subscript C from pC: The
weak semicrossed product is the weak operator closed algebra generated by UC and
the p.x/ for all x inM. The algebra ZC
wM is also the weak operator closure of
.UC  p/.K.ZC;M; //.
Proposition 1. Let k be a positive integer and let  be the shift automorphism of Ck
given by
.x0; : : : ; xk−1/ D .x1; : : : ; xk−1; x0/:
Then the weak semicrossed product ZC
w Ck is unitarily isomophic toWk .
Proof. First of all, notice that L.H 2.Ck// and L.kH 2/ are unitarily isomorphic
via Ad.W/ which is defined by Ad.W/.A/ D WAW and where W V kH 2 −!
H 2.Ck/ is defined by
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W
0@k−1X
jD0
kj ⊗
0@X
n>0
aj;nz
n
1A1A D X
n>0
n ⊗
0@k−1X
jD0
kj ⊗ a−n.j/;n
1A ;
the symbol kj means a finite sequence of k elements with 1 in the j th position and
0 elsewhere, and  is the shift permutation with respect to which the automorphism
moves k-tuples.
If we call  the map AdW.UC  p/, then K.ZC; Ck; / is unitarily isomor-
phic to Qk (the subalgebra ofWk with polynomial entries) since its image via  is
generated by the following operators:
cUCD.AdW/UC D
0BBBBB@
0 0    z
z 0 0
0 z 0
.
.
.
.
.
.
0 z 0
1CCCCCA ;
cUC2 D
0BBBBB@
0 z2
0 z2
z2
.
.
.
.
.
.
.
.
.
z2 0 0
1CCCCCA ;
:::
cUCk−1 D
0BBBBB@
0 zk−1
0 zk−1
.
.
.
.
.
.
0 zk−1
zk−1 0
1CCCCCA ;
cUCkD
0BBBBB@
zk 0 0
0 zk
0
:::
.
.
.
0 0 zk
1CCCCCA ;
and
bp.a/ D .AdW/p.a/ D
0BBB@
a0
a1
.
.
.
ak−1
1CCCA ;
where a D .a0; a1; : : : ; ak−1/.
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Since the weak semicrossed product is the wot.H 2.Ck// closure ofK.ZC; Ck; /;
it is unitarily equivalent to the closure of Qk in the weak operator topology which is
justWk: 
Corollary 2. Let n and k be two positive integers and let n be the shift automor-
phism on kMn. Then ZC
wn kMn is unitarily isomorphic to Mn ⊗Wk:
Proof. We adapt the previous proof to this case. 
Proposition 3. If M is a W*-algebra and  and  are automorphisms such that
.x/ D .Ad V /.x/ for all x; and for some unitary V; then ZC
wM is unitarily
isomorphic to ZC
wM.
Proof. The proof in [3] for the (uniform) semicrossed product is still valid as the
isomorphism is unitarily implemented. 
We know that if  is an automorphism of kMn, then there exists a permutation 
of f1; : : : ; kg such that .ki ⊗Mn/ D k.i/ ⊗Mn, where ki is the vector in Rk with
1 in the ith coordinate and 0 elsewhere. If for an automorphism  the underlying
permutation is a power of the shift permutation, we say that  is transitively acting
on kMn.
Corollary 4. If  is an automorphism of kMn that acts transitively on the sum-
mands; then ZC
w kMn is still unitarily isomorphic to Mn ⊗Wk .
Proof. Observe that  is unitarily equivalent to the shift automorphism. 
This allows us to identify the weak semicrossed product for any finite dimensional
W*-algebra.
Corollary 5. IfM is a finite dimensional W*algebra; and  is an automorphism of
M; then there exist positive integers r; k1; : : : ; kr ; n1; : : : ; nr such that  acts transi-
tively on each kj Mnj and finally ZC
wM is unitarily isomorphic to LrjD1Mnj ⊗
Wkj .
Proof. The proof relies on the form of a finite dimensional W*-algebra (a short
proof of this fact is in [5, Theorem 1.5]) and the preceding corollaries. See also
[3]. 
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4. Classification of weak semicrossed products of finite dimensional W*-
algebras by ZC
Proposition 6. Let k1; k2; n1; n2 be positive integers and let 1; 2 be transitively
acting automorphisms on k1Mn1 and k2Mn2; respectively. Then; ZC
w1 k1Mn1 and
ZC
w2 k2Mn2 are algebraically isomorphic if and only if k1 D k2 and n1 D n2.
Proof. The maximal ideals of ZC
wi kiMni are isomorphic to Mni ⊗ J , where J
is a maximal ideal of Wki : Hence one has codimensions for its maximal ideals
n21; n
2
1k
2
1 and the other n
2
2; n
2
2k
2
2, which can match if and only if n1 D n2 and
k1 D k2. The proof is in the same spirit of [3]. 
To classify the semicrossed products of an arbitrary finite dimensional W*-alge-
bra, we compute the minimal central idempotents of this algebra. We recall that an
element a in an algebraA is central idempotent if a2 D a and ac D ca for all c in
A. A central idempotent, a =D 0, is minimal if for any other central idempotent b in
A such that bA  aA, we have b D a or b D 0:
Lemma 7. Let k and n be two positive integers. The only minimal central idempo-
tent of Mn ⊗Wk is 1.
Proof. An adaptation of a proof of [3] to our case is as follows. Let E be the map
fromMn ⊗Wk intoMkn defined byE.F / D F./ for any  in D. If F is a minimal
central idempotent, then so is F./ since E is a surjective homomorphism. Hence
F./ D aInk; where Ink is the identity of Mnk and a belongs to C: Hence a D 0
or 1 since F./ is a minimal central idempotent. Then by continuity F D 0 or 1.
Finally F D 1 by minimality. 
Lemma 8. The minimal central idempotents ofLkjD1.Mnj ⊗Wkj / are of the form
ki ⊗ Iniki ; where Iniki is the identity in Mnj ⊗Wkj .
Proof. Recall that ki ⊗ Iniki D 0      0  Iniki  0      0. It is hence clear
that they are minimal central idempotent and the only ones. 
We call ki ⊗ Iniki the ith minimal central idempotent of
Lk
jD1.Mnj ⊗Wkj /.
Theorem 9. Let A and B be finite dimensional W*-algebras; and let  and  be
automorphisms on A and B; respectively. We write A D LrjD1 kjMnj and B DLs
jD1 k0jMn0j such that  and  act transitively on the direct summands kjMnj and
k0jMn0j ; respectively. Then ZC
wA and ZC
wB are .algebraically/ isomorphic
M.R. Alaimia / Linear Algebra and its Applications 318 (2000) 181–193 189
if and only if r D s and ni D n0.i/ and ki D k0.i/ for all i and for some permutation
 of f0; 1; : : : ; rg:
Proof. The first implication is obvious. For the second implication, if the algebras in
question are isomorphic, then so are
Lr
jD1.Mnj ⊗Wkj / and
Ls
jD1.Mn0j ⊗Wk0j /,
and hence by the preceding lemma r D s. Suppose now that  is the isomorphism
between the two algebras. For any l in f1; 2; : : : ; rg, let pl and ql be the lth minimal
central idempotent of
Lr
jD1.Mnj ⊗Wkj / and
Lr
jD1.Mn0j ⊗Wk0j /; respectively.
Then
 .Mnl ⊗Wkl /D 
0@pl  rM
jD1
.Mnj ⊗Wkj /
1A
D .pl/ 
0@ rM
jD1
.Mnj ⊗Wkj /
1A
Dq.l/ 
rM
jD1
.Mn0j ⊗Wk0j /
DMn0.l/ ⊗Wk0.l/
for some permutation  of f1; 2; : : : ; rg. Hence, Mnl ⊗Wkl is isomorphic to Mn0.l/
⊗Wk0
.l/
and thus kl D k0.l/ and nl D n0.l/ for any l. 
The proof above is still valid if we replace theWk’s by theBk’s. It is different and
more general than the proof given in [3], where the authors used the strong structure
space and the number of its connected components. In contrast, we used the minimal
central idempotents. Hence, while the classification in [3] is Banach algebraic, it is
just algebraic in this paper.
Corollary 10. Let A and B be finite dimensional W*-algebras; and let  and 
be automorphisms of A and B; respectively. Then the weak semicrossed products
ZC
wA and ZC
w B are isomorphic if and only if there exist an isomorphism  
betweenA andB and a unitary U in B such that
.   /.a/ D AdU.  /.a/ for all a inA:
If the W*-algebras are commutative; the last condition reduces to
   D   :
Proof. The proof is similar to the one in [3] because an isomorphism between finite
dimensional W*-algebras is unitarily implemented so that it induces an isomorphism
(even a unitary equivalence) between the semicrossed products in question. 
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Remark. If the starting algebras are commutative, similar results were proven in
greater generality (C.X/ or L1.X/ for a locally compact space instead of a finite
set X which is Ck/, see [2] for the uniform semicrossed product and [12] for the
general case.
4.1. Density of the polynomials of the unit ball and a generalisation of a result due
to Sarason
In [16] Sarason has proved that H1 C C.T / is uniformly closed in L1. In [14]
Rudin gave a different and short proof to the same fact. We use here Rudin’s approach
to prove thatWk C Ck is uniformly closed in Mk ⊗L1, where Ck is the version of
Wk , with entries in C.T / instead of H1. By uniform norm we mean
kFk D ess-sup
z2T
∥∥∥.Fi;j .z//k−1i;jD0∥∥∥
L.Ck/
;
where F is seen as a function from T to Mk .
We call Kn .n 2 N/ the Fejer kernels and .n.f //n2N the Cesaro means of a
function f. We extend the Cesaro means to a matrix-valued function F in Mk ⊗ L1
as follows:
n.F / D n

.Fi;j /
k−1
i;jD0

D

n.Fi;j /
k−1
i;jD0

:
We first would like to show that the closed unit ball of Qk is weak operator dense
in the closed unit ball ofWk . Observe that by earlier arguments, for an element F in
Mk ⊗ L1 the Cesaro means n.F / converges to F in wot.k L2/. Moreover, it turns
out that kn.F /k 6 kFk.
We know from the Fourier series theory that if Fij is a component of F, then
n.Fi;j /.x/ D 12p
Z p
−p
Kn.x − t/Fij .eit / dt for x 2 T0; 2pU:
Moreover, the matrix-valued function Kn.x − t/F .eit / is weakly integrable (for
definitions and properties see for example [6] or [15]).
Lemma 11. For any F in Mk ⊗ L1 we have kn.F /k 6 kFk.
Proof. Using vector integration properties, we have
kn.F /k D ess-sup
x2T0;2pU
kF.eix/k
D ess-sup
x2T0;2pU
∥∥∥∥ 12p
Z p
−p
Kn.x − t/F .eit / dt
∥∥∥∥
6 1
2p
ess-sup
x2T0;2pU
Z p
−p
∥∥∥Kn.x − t/F .eit /∥∥∥ dt
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6 ess-sup
t2T0;2pU
kF.eit /k  ess-sup
x2T0;2pU

1
2p
Z p
−p
jKn.x − t/j dt

6 kFk

since
1
2p
Z p
−p
jKn.x − t/j dt D 1; T7U

: 
Corollary 12. The closed unit ball of Qk is wot.kH 2/-dense in the closed unit ball
ofWk .
Proof. For F in the closed unit ball of Wk , the Cesaro means n.F / are in Qk .
Moreover, they are in the unit ball of Wk by the preceding lemma. Finally, by the
remark at the end of the section .n.F //n2N converges to F in the weak operator
topology on kH 2. 
Lemma 13 T15U. Let X; Y be closed subspaces of a Banach space Z and K be
collection of linear operators of Z such that
1. TZ  Y for all T in K.
2. TZ  X for all T in K:
3. supfkT kV T 2 Kg D M < C1:
4. For every y in X and  > 0 there exists an operator T in K such that ky − Tyk < .
Then X C Y is closed in Z.
Proof. The proof can be found for example in [13] or [14]. 
Before we give our last result, let us define the following spaces:
Ck D
(
.fij /
k−1
i;jD0 V fij 2 C.T / V fij 
1X
nD−1
a
.i;j/
n z
l.i;j/Cnk
)
;
Ok D
(
.fij /
k−1
i;jD0 V 9m;fij D
NX
nD−N
a
.i;j/
n z
l.i;j/Cnk
)
;
Lk D
(
.fij /
k−1
i;jD0 V fij 2 L1 V fij 
1X
nD−1
a
.i;j/
n z
l.i;j/Cnk
)
:
Here l.i; j/ is as defined in Section 1. Notice also that using similar techniques of
this paper and Ref. [1] we can see that Ck andLk are isomorphic to the C*-crossed
product Z  Ck and the W*-crossed product Z
w Ck , respectively (, the shift
automorphism) using an extension of the unitary W in the proof of Proposition 1 to
kL2 into L2.Ck/ by replacing the sums over n > 0 by sums over n 2 Z.
Corollary 14. The spaceWk C Ck is uniformly closed inLk .and hence in Mk ⊗
L1/. Moreover; it is a Banach algebra.
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Proof. We apply the previous lemma for Z D Mk ⊗ L1; X D Ck , Y DWk and
3 D fnI n 2 Ng, where n is the Cesaro operator which associates to a matrix-val-
ued function its nth Cesaro means. Conditions 1 and 2 are clearly satisfied. Condition
3 holds as well with M D 1 by Lemma 2 (the Cesaro operators are contractive).
Condition 4 is just the matrix version of Fejer’s theorem [7] . Hence Wk C Ck is
uniformly closed in Mk ⊗ L1 by Rudin’s lemma. But since Wk C Ck is clearly
seen to be inLk , it is uniformly closed in it.
To show that it is an algebra, notice first that sinceWk C Ck is uniformly closed,
we have thatWk C Ok DWk C Ck (the bar means the uniform closure). Hence, it
is enough to check that G  F is inWk C Ck whenever G is inWk and F is in Ok .
Suppose
G D
k−1X
i;jD0
eij ⊗
 1X
nD0
a
.i;j/
n z
l.i;j/Cnk
!
and
F D
k−1X
i;jD0
eij ⊗
 
mX
nD−m
b
.i;j/
n z
l.i;j/Cnk
!
:
Then
G  F D
0@ k−1X
i;jD0
eij ⊗
 
mX
nD0
a
.i;j/
n z
l.i;j/Cnk
!1A

0@ k−1X
i;jD0
eij ⊗
 
mX
nD−m
b
.i;j/
n z
l.i;j/Cnk
!1A
C
0@ k−1X
i;jD0
eij ⊗
0@ 1X
nDmC1
a
.i;j/
n z
l.i;j/Cnk
1A1A

0@ k−1X
i;jD0
eij ⊗
 
mX
nD−m
b
.i;j/
n z
l.i;j/Cnk
!1A :
The first term is clearly in Ok , the second term is inWk as the bounds of the sums
give the products, have only positive powers of z and the forms of the Fourier series
are of course preserved. Hence the result follows. 
Remark. For k D 1 we have Sarason’s result.
Because of the link between theWk and the semicrossed product, this last result
tempts one to ask for which W*-algebrasM.L.H// do we have that
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ZC
w MC .U  p/.Z  M/ is closed subalgebra of Z
w M
and hence ofL.l2.H// as well:
Recall that Z M means the (uniform) C-crossed product and Z M is
the W-crossed product. The preceding corollary asserts just that this proposition
is true for M D Ck and  the shift. Moreover, it follows from the identification of
the crossed and semicrossed products of finite dimensional W*-algebras that the
proposition is true forM finite dimensional.
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